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SECOND MAIN THEOREMS WITH WEIGHTED COUNTING
FUNCTIONS AND ITS APPLICATIONS
PHAM DUC THOAN1, NGUYEN HAI NAM1 AND NGUYEN VAN AN2
Abstract. The purpose of this article has two fold. The first is to generalize some recent
second main theorems for the mappings and moving hyperplanes of Pn(C) to the case
where the counting functions are truncated multiplicity (by level n) and have different
weights. As its application, the second purpose of this article is to generalize and improve
some algebraic dependence theorems for meromorphic mappings having the same inverse
images of some moving hyperplanes to the case where the moving hyperplanes involve
the assumption with different roles.
1. Introduction
The theory on second main theorem for meromorphic mappings into projective spaces
with moving hyperplanes was started studied by W. Stoll, M. Ru [10] and M. Shirosaki
in 1990’s [12, 13]. In that time, almost all given second main therems do not have the
truncation level for the counting functions of the inverse image of moving hyperplanes.
In some recent years, this theory have been studied very intesively with many results
established. To state some of them, we recall the following notation.
Let a1, . . . , aq (q ≥ n+1) be q meromorphic mappings of C
m into the dual space Pn(C)∗
with reduced representations ai = (ai0 : · · · : ain) (1 ≤ i ≤ q). We say that a1, . . . , aq are
located in general position if det(aikl) 6≡ 0 for any 1 ≤ i0 < i1 < · · · < in ≤ q. Let Mm be
the field of all meromorphic functions on Cm. Denote by R({ai}
q
i=1) ⊂Mm the smallest
subfield which contains C and all aik
ail
with ail 6≡ 0.
For the case of nondegenerate meromorphic mappings of Cm into Pn(C) intersecting
moving hyperplanes, the first second main theorem with truncated (to level n) counting
functions was given by Ru [9] for the case m = 1 and reproved for general case by Thai-
Quang [14]. For the case of degenerate meromorphic mappings, in [11], Ru and Wang gave
a second main theorem for moving hyperplanes with counting function truncated to level
n. And then, the result of Ru-Wang was improved by Thai-Quang [15] and Quang-An
[7]. In 2016, S. D. Quang [4] improved and extended these results to the following.
Theorem A [4, Theorem 1.1] Let f : Cm → Pn(C) be a meromorphic mapping. Let
{aj}
q
j=1 (q ≥ 2n−k+2) be meromorphic mappings of C
m into Pn(C)∗ in general position
such that (f, aj) 6≡ 0 (1 ≤ j ≤ q), where rankR{aj}(f) = k + 1. Then the following
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assertion holds:
(a)
∣∣∣∣ q
2n− k + 2
Tf (r) ≤
q∑
i=1
N
[k]
(fi,a)
(r) + o(Tf(r)) +O(max
1≤i≤q
Tai(r)),
(b)
∣∣∣∣ q − (n+ 2k − 1)
n+ k + 1
Tf(r) ≤
q∑
i=1
N
[k]
(fi,a)
(r) + o(Tf (r)) +O(max
1≤i≤q
Tai(r)).
Here, by the notation “|| P” we mean the assertion P holds for all r ∈ [0,∞) outside a
Borel subset E of the interval [0,∞) with
∫
E
dr <∞.
Recently, S. D. Quang [6] has improved his result to the following.
Theorem B [6, Theorem 1.1 (a)] Let f : Cm → Pn(C) be a meromorphic mapping. Let
{aj}
q
j=1 (q ≥ 2n−k+2) be meromorphic mappings of C
m into Pn(C)∗ in general position
such that (f, aj) 6≡ 0 (1 ≤ j ≤ q), where rankR{aj}(f) = k + 1. Then we have
||
q − (n− k)
n + 2
Tf (r) ≤
q∑
i=1
N
[k]
(f,ai)
(r) + o(Tf (r)) +O(max
1≤i≤q
Tai(r)).
In another direction, in 2015, S. D. Quang [5] initially introduced the second main
theorem with weighted counting functions. He has generalized partially the above results
(the assertion (a) of Theorem A) to the case where each counting function has a different
weight. His result is stated as follows.
Theorem C [5, Theorem 1.1] Let f : Cm → Pn(C) be a meromorphic mapping. Let
{ai}
q
i=1 (q ≥ 2n− k+2) be meromorphic mappings of C
m into Pn(C)∗ in general position
such that (f, ai) 6≡ 0 (1 ≤ i ≤ q). Assume that k + 1 = rankR{ai}(f). Let λ1, . . . , λq be q
positive number with (2n − k + 2)max1≤i≤q λi ≤
∑q
i=1 λi. Then the following assertions
hold:
||
∑q
i=1 λi
2n− k + 2
Tf(r) ≤
q∑
i=1
λiN
[k]
(f,ai)
(r) + o(Tf(r)) +O(max
1≤i≤q
Tai(r)).
Our first aim in this paper is to give a complete generalization of these above results in
this direction. Namely, we will generalize Theorem B to the following.
Theorem 1.1. Let f : Cm → Pn(C) be a meromorphic mapping. Let {aj}
q
j=1 (q ≥
2n − k + 2) be meromorphic mappings of Cm into Pn(C)∗ in general position such that
(f, aj) 6≡ 0 (1 ≤ j ≤ q). Assume that k + 1 = rankR{ai}(f). Let λ1, ..., λq be q positive
numbers with (2n − k + 2)max1≤i≤q λi ≤
∑q
i=1 λi. Then for every positive number η ∈
[max1≤i≤q λi,
∑q
i=1 λi
2n−k+2
], we have
∣∣∣∣ ∑qj=1 λj − (n− k)η
n+ 2
Tf(r) ≤
q∑
j=1
λjN
[k]
(f,aj)
(r) + o(Tf (r)) +O(max
1≤i≤q
Tai(r)).
Remark: 1) Letting λ1 = · · · = λq = 1 and η = 1, from Theorem 1.1, we get Theorem B.
2) Letting η =
∑q
i=1 λi
2n−k+2
, we will get again Theorem C.
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In the last part, we will use the above second main theorem to study algebraic depen-
dence of meromorphic mappings sharing moving hyperplanes regardless of multiplicities.
To state our result, we recall the following notation, due to [1, 5, 9, 17] and [8].
Let ft : C
m → Pn(C) (1 6 t 6 λ) be meromorphic mappings with reduced represen-
tations ft := (ft0 : · · · : ftn). Let aj : C
m → Pn(C)∗ (1 6 j 6 q) be moving targets
located in general position with reduced representations aj := (aj0 : · · · : ajn). Assume
that (ft, aj) :=
∑n
i=0 ftiaji 6= 0 for each 1 ≤ t ≤ λ, 1 ≤ j ≤ q and (f1, aj)
−1{0} = · · · =
(fλ, aj)
−1{0}. Put Aj = (f1, aj)
−1{0} for each 1 6 j 6 q. Assume that every analytic
set Aj has the irriducible decomposition as follows Aj = ∪
tj
i=1Aji(1 6 tj 6 ∞). Set
A = ∪Aji 6≡Akl{Aji ∩Akl} with 1 ≤ i ≤ tj , 1 ≤ l ≤ tk, 1 ≤ j, k ≤ q.
Denote by T [N +1, q] the set of all injective maps from {1, · · ·N +1} to {1, · · · , q}. For
each z ∈ Cn \ {∪β∈T [N+1,q]{z|aβ(1)(z) ∧ · · · ∧ aβ(N+1)(z) = 0} ∪ A ∪ ∪
λ
i=1I(fi)}, we define
ρ(z) = ♯{j|z ∈ Aj}. Then ρ(z) ≤ N. Indeed, suppose that z ∈ Aj for each 0 ≤ j ≤ N.
Then
∑N
i=0 f1i(z) · aji(z) = 0 for each 0 ≤ j ≤ N. Since aβ(1)(z) ∧ · · · ∧ aβ(N+1)(z) 6= 0, it
implies that f1i(z) = 0 for each 0 ≤ i ≤ N. This means that z ∈ I(f1). This is impossible.
For any positive number r > 0, define ρ(r) = sup{ρ(z)||z| ≤ r}, where the supremum
is taken over all z ∈ Cn \ {∪β∈T [N+1,q]{z|aβ(1)(z) ∧ · · · ∧ aβ(N+1)(z) = 0} ∪A ∪ ∪
λ
i=1I(fi)}.
Then ρ(r) is a decreasing function. Let
d := lim
r→+∞
ρ(r).
Then d ≤ N. If for each i 6= j, dim{Ai ∩ Aj} ≤ n− 2, then d = 1.
In 2001, M. Ru [9] proved the following theorem.
Theorem B (see [9, Theorem 1])Let f1, · · · , fλ : C
m → Pn(C) (λ ≥ 2) be nonconstant
meromorphic mappings. Let ai : C
m → Pn(C)∗ (1 ≤ i ≤ q) be slowly moving hyperplanes
in general position. Assume that (fi, aj) 6≡ 0 and (f1, aj)
−1{0} = · · · = (fλ, aj)
−1{0} for
each 1 ≤ i ≤ λ, 1 ≤ j ≤ q. Denote Aj = (f1, aj)
−1({0}). Let l be a positive integer
with 2 ≤ l ≤ λ. Assume that for each z ∈ Aj (1 ≤ j ≤ q) and for any 1 ≤ i1 < · · · <
ilj < q, fi1(z) ∧ · · · ∧ fil(z) = 0. If q >
dλn2(2n+ 1)
λ− l + 1
, then f1, · · · , fλ are algebraically
dependent over C, i.e., f1 ∧ · · · ∧ fλ ≡ 0 on C
m.
After that, the result of M. Ru has been improved and extended by P. D. Thoan - P. V.
Duc and S. D. Quang in [3, 5, 16, 17] when the number of moving hyperplanes is reduced.
In 2015, L. N. Quynh [8] proposed a new technique, by which she studied the algebraic
dependence of meromorphic mappings sharing different family of moving hyperplanes
regardless of multiplicities and obtained the results which are much more general and
stronger than previous results. Inspired of the technique of Quynh, in this paper we
consider the case where the number l in the above theorem may varies dependently on
the moving hyperplanes. Namely, we will prove the following.
Theorem 1.2. Let f1, · · · , fλ : C
m → Pn(C) (λ ≥ 2) be nonconstant meromorphic
mappings. Let ai : C
m → Pn(C)∗ (1 ≤ i ≤ q) be slowly moving hyperplanes in general
position. Assume that (fi, aj) 6≡ 0 and (f1, aj)
−1{0} = · · · = (fλ, aj)
−1{0} for each
1 ≤ i ≤ λ, 1 ≤ j ≤ q. Denote Aj = (f1, aj)
−1({0}). Let l1, . . . , lq be q positive integers
with 2 ≤ li ≤ λ. Assume that for each z ∈ Aj (1 ≤ j ≤ q) and for any 1 ≤ i1 < · · · <
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ilj < q, fi1(z) ∧ · · · ∧ filj (z) = 0. If q >
dλk(2n−k+2)−dλ(k−1)+
∑q
j=1 lj
λ+1
, then f1, · · · , fλ are
algebraically dependent over C, i.e., f1 ∧ · · · ∧ fλ ≡ 0 on C
m.
In particular, if let λ = l = 2 and d = 1 then the condition of the above theorem
is fulfilled with q > 2n2 + 2n + 2. Therefore, we will get the uniqueness theorem for
meromorphic mappings (which may be degenerate) sharing q > 2n2 + 2n + 2 slowly
moving hyperplanes in genral position without multiplicity. This conclusion had been
proved by L. N. Quynh (see [8, Corollary 1.4]), and independently by H.Z. Cao (see [1,
Corollary 3]).
2. Basic notions and auxiliary results from Nevanlinna theory
(a) Basic notions.
Throughout this paper, we use the standart notation on Nevanlina theory due to [1,
3, 5] and [8]. For a meromorphic mapping f : Cm → Pn(C), we denote by Tf (r) its
characteristic funtion. For a diviosr D on Cm, we denote by N [k](r,D) its counting
function trucated to level k. We mean by a moving hyperplanes a meromorphic mapping
a : Cm → Pn(C)∗. Such a is said to be slow with respect to f if || Ta(r) = o(Tf (r)). Let ϕ
be a meromorphic funtion on Cm. We denote by νϕ its divisor and denote by Nϕ(r) the
counting function of its zeros divisor.
We assume that thoughout this paper, the homogeneous coordinates of Pn(C) is chosen
so that for each given meromorphic mapping a = (a0 : · · · : an) of C
m into Pn(C)∗ then
a0 6≡ 0. We set
a˜i =
ai
a0
and a˜ = (a˜0 : a˜1 : · · · : a˜n).
Supposing that f has a reduced representation f = (f0 : · · · : fn). We put (f, a) :=∑n
i=0 fiai and (f, a˜) :=
∑n
i=0 fia˜i.
Let {ai}
q
i=1 be q meromorphic mappings of C
m into Pn(C)∗ with reduced representations
ai = (ai0 : · · · : ain) (1 ≤ i ≤ q). We denote by R({ai}) (for brevity we will write R if
there is no confusion) the smallest subfield of M which contains C and all aij/aik with
aik 6≡ 0.
(b) Theorems for general position.
Theorem 2.1 (The First Main Theorem for general position [19, p. 326]). Let fi : C
m →
Pn(C), 1 ≤ i ≤ k be meromorphic mappings located in general position. Assume that
1 ≤ k ≤ n. Then
Nµf1∧···∧fλ(r) +m(r, f1 ∧ · · · ∧ fλ) ≤
∑
1≤i≤λ
Tfi(r) +O(1).
Here, by µf1∧···∧fλ we denote the divisor associated to f1 ∧ · · · ∧ fλ.
Let V be a complex vector space of dimension N ≥ 1. The vectors {v1, · · · , vk} are said
to be in general position if for each selection of integers 1 ≤ i1 < · · · < ip ≤ k with p ≤ N,
then vi1 ∧ · · · ∧ vip 6= 0. The vectors {v1, · · · , vk} are said to be in special position if they
are not in general position. Take 1 ≤ p ≤ k. Then {v1, · · · , vk} are said to be in p-special
position if for each selection of integers 1 ≤ i1 < · · · < ip ≤ k, the vectors vi1 , · · · , vip are
in special position.
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Theorem 2.2 (The Second Main Theorem for general position [19, Theorem 2.1, p.320]).
Let M be a connected complex manifold of dimension m. Let A be a pure (m − 1)-
dimensional analytic subset of M. Let V be a complex vector space of dimension n+1 > 1.
Let p and k be integers with 1 ≤ p ≤ k ≤ n + 1. Let fi : M → P (V ), 1 ≤ i ≤ k, be
meromorphic mappings. Assume that f1, ..., fk are in general position. Also assume that
f1, ..., fk are in p-special position on A. Then we have
µf1∧···∧fk ≥ (k − p+ 1)νA.
3. The proof of Theorem 1.1
In order to prove Theorem 1.1, we need the following lemma due to Si Duc Quang [6].
Lemma 3.1 (see [6, Theorem 1.1, equation (3.9)]). Let f : Cm → Pn(C) be a meromorphic
mapping. Let {aj}
2n−k+2
j=1 be meromorphic mappings of C
m into Pn(C)∗ in general position
such that (f, aj) 6≡ 0 (1 ≤ j ≤ 2n− k+ 2), where rankR{aj}(f) = k+ 1. Then there exists
a subset J ⊂ {1, ..., 2n− k + 2} with |J | = n+ 2 satisfying
|| Tf(r) ≤
∑
j∈J
N
[k]
(f,aj )
(r) + o(Tf(r)) +O( max
1≤j≤2n−k+2
Taj (r)).
Actually, in the proof of Theorem B, firstly S. D. Quang proved this lemma, but he
did not separate this lemma from the proof of Theorem B (see equation (3.9) in [6]).
We also note that, Quang proved that the existing subset J in the above lemma satisfies
|J | ≤ n + 2. Therefore, it of course will be hold for some J with |J | = n+ 2.
Proof of Theorem 1.1. We denote by I the set of all permutations of q−tuple (1, . . . , q).
For each element I = (i1, . . . , iq) ∈ I, we set
NI = {r ∈ R
+;N
[k]
(f,ai1 )
(r) ≤ · · · ≤ N
[k]
(f,aiq )
(r)}.
Fix a permutation I = (i1, . . . , iq) ∈ I. Applying Lemma 3.1, there exists a subset
J ∈ {1, ..., 2n− k + 2} with |J | = n+ 2 such that
|| Tf (r) ≤
∑
j∈J
N
[k]
(f,aij )
+ o(Tf (r)) +O(max
1≤i≤q
Tai(r)),
Put J1 = {1, ..., 2n− k + 2} \ J then
|J1| = (2n− k + 2)− |J | = n− k.
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By the assumption of the theorem, we have
∑
j∈J1
λij−|J1|η ≤ 0 and
∑q
j=1 λj−|J1|η > 0.
Hence
(3.2)
∣∣∣∣ ( q∑
j=1
λj − |J1|η)Tf(r) ≤ (
∑
j 6∈J1
λij )
∑
l∈J
N
[k]
(f,ail )
(r) + (
∑
j∈J1
λij − |J1|η)
∑
l∈J
N
[k]
(f,ail )
(r)
+ o(Tf(r)) +O(max
1≤i≤q
Tai(r))
≤ |J |
(∑
l∈J
∑
j 6∈J1
λij
|J |
N
[k]
(f,ail )
(r)
)
+ o(Tf (r)) +O(max
1≤i≤q
Tai(r))
= |J |

∑
l∈J
λilN
[k]
(f,ail )
(r) +
∑
l∈J
( ∑
j 6∈J1
λij
|J |
− λil
)
N
[k]
(f,ail )
(r)


+ o(Tf(r)) +O(max
1≤i≤q
Tai(r)).
Also by the assumption, for each l ∈ J we have
∑
j 6∈J1
λij − |J |λil =
q∑
j=1
λj −
∑
j∈J1
λij − |J |λil
≥
q∑
j=1
λj − (|J1|+ |J |)η
=
q∑
j=1
λj − (2n− k + 2)η ≥ 0.
Then, from (3.2), for all r ∈ NI , we have
∣∣∣∣( q∑
j=1
λj − |J1|η
)
Tf (r) ≤ |J |
(∑
l∈J
λilN
[k]
(f,ail )
(r) +
q∑
l=2n−k+3
λilN
[k]
(f,ai2n−k+2 )
(r)
)
+ o(Tf(r)) +O(max
1≤i≤q
Tai(r))
≤ |J |
q∑
j=1
λjN
[k]
(f,aj )
(r) + o(Tf (r)) +O(max
1≤i≤q
Tai(r)).
Hence, for r ∈ NI , we have∣∣∣∣∑qj=1 λj − (n− k)η
n + 2
Tf(r) ≤
q∑
j=1
λjN
[k]
(f,aj)
(r) + o(Tf (r)) +O(max
1≤i≤q
Tai(r)).
The theorem is proved. 
4. The proof of Theorem 1.2
In order to prove Theorem 1.2, we need the following lemma due to Quynh [8, Claim
3.3] (see also [16, Claim 3.1]).
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Lemma 4.1. Let hi : C
m → Pn(C) (1 ≤ i ≤ p ≤ n + 1) be meromorphic mappings
with reduced representations hi := (hi0 : · · · : hin). Let ai : C
m → Pn(C) (1 ≤ i ≤ p ≤
n + 1) be moving hyperplanes with reduced representations ai := (ai0 : · · · : ain). Put
h˜i := ((hi, a1) : · · · : (hi, an=1)). Assume that a1, · · · , an+1 are located in general position
such that (hi, aj) 6≡ 0 (1 ≤ i ≤ p, 1 ≤ j ≤ n + 1). Let S be a pure (n − 1)− dimensional
analytic subset of Cm such that S 6⊂ (a1 ∧ · · · ∧ an+1)
−1{0}. Then h1 ∧ · · · ∧ hp ≡ 0 on S
if and only if h˜1 ∧ · · · ∧ h˜p ≡ 0 on S.
Proof of Theorem 1.2. It suffices to prove the theorem in the case of λ ≤ n+ 1. Suppose
that f1 ∧ · · · ∧ fλ 6≡ 0.
We set A = ∪qi=1Ai, and denote by S the singular part of A. For an ordered set of λ
distinc indices I = {j1, · · · , jλ} ⊂ {1, . . . , q}, we put I
c = {1, · · · , q} \ I and
BI =


(f1, aj1) · · · (fλ, aj1)
(f1, aj2) · · · (fλ, aj2)
...
...
...
(f1, ajλ) · · · (fλ, ajλ)

 .
Take a positive number r0 > 1 such that ρ(r) = d for all r > r0. We now prove the
following claim.
Claim 4.2. If BI is nondegenerate, i.e., detBI 6≡ 0 then
d
∑
i∈I
( min
1≤v≤λ
ν(fv,ai)(z)−min{1, ν(f1,ai)}(z))+
q∑
i=1
(λ−li+1)min{1, ν(f1,ai)(z)} ≤ dνf˜1∧···∧f˜λ(z)
for all z ∈ Cm\(S∪
⋃λ
i=1 I(fi)∪(ai1∧· · ·∧ajλ))
−1(0) with ||z|| > r0, where f˜i := ((fi, aj1) :
· · · : (fi, ajλ)).
Indeed, fix a point z0 ∈ C
m \ (S ∪
⋃λ
i=1 I(fi) ∪ (ai1 ∧ · · · ∧ ajλ))
−1(0) with ||z0|| > r0. It
suffices for us to prove the inequality of the claim for z0 ∈ A. We may assume that:
• there are t indices in I, for intance they are j0, ..., jt such that z0 ∈
⋃t
i=1Aji and
z0 6∈ Aji for all t < i ≤ λ (t may be 0),
• there are s indices in Ic, for intance they are k0, ..., ks such that z0 ∈
⋃s
i=1Aki
and z0 6∈ Ak for all k ∈ I
c \ {k1, . . . , ks} (s may be 0), where s+ t ≤ d.
Let Γ be an irriducible analytic subset of A containing z0. Suppose that U is an open
neighbourhood of z0 in C
m such that U ∩ (A \ Γ) = ∅. Choose holomorphic function hi
on a neighbourhood U ′ ⊂ U of z0 such that νhi = min1≤v≤λ{ν(fv ,aji )} if z ∈ Γ and νh = 0
if z 6∈ Γ for each 1 ≤ i ≤ t. Then (fv, aji) = avihi (1 ≤ i ≤ t), where avi are holomorphic
functions. Hence, we have
detBI = h1 · · ·ht · det


a11 · · · aλ1
...
...
...
a1t · · · aλt
(f1, ajt+1) · · · (fλ, ajt+1)
...
...
...
(f1, ajλ) · · · (fλ, ajλ)


.
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This implies that
dνf˜1∧···∧f˜λ(z0) = dνdetBI (z0) ≥
t∑
i=1
dνhi(z0) + dνgt+1∧···∧gλ(z0),(4.3)
where gi = ((f1, aji), · · · , (fλ, aji)) for every 1 ≤ i ≤ λ. Let l = min{lj1, .., ljt, k1, ..., ks}.
By the assumption, on the analytic set Γ, we have
rank{gt+1, . . . , gλ} = rank{g1, . . . , gλ} = rank{f˜1, ..., f˜λ} ≤ l.
By using The Second Main Theorem for general position [19, Theorem 2.1, p.320], we
have
νgt+1∧···∧gλ(z0) ≥ max{λ− t− l + 1, 0}.
Combining this inequality with (4.3) we get
dνf˜1∧···∧f˜λ(z0) ≥
t∑
i=1
d min
1≤v≤λ
ν(fv ,aji )(z0) + dmax{λ− t− l + 1, 0}
≥
t∑
i=1
d( min
1≤v≤λ
ν(fv,aji )(z0)−min{1, ν(f1,aji )(z0)}) + d(λ− l + 1)
≥
λ∑
i=1
d( min
1≤v≤λ
ν(fv,aji )(z0)−min{1, ν(f1,aji )(z0)})
+
q∑
i=1
(λ− l + 1)min{1, νf1,ai(z0)}
≥
λ∑
i=1
d( min
1≤v≤λ
ν(fv,aji )(z0)−min{1, ν(f1,aji )(z0)})
+
q∑
i=1
(λ− li + 1)min{1, νf1,ai(z0)}
Hence, the claim is proved.
We now continue to prove Theorem 1.2. For each 1 ≤ j ≤ q, we set
Nj(r) =
q∑
i=1
N [k](r, ν(fi,aj))− ((λ− 1)k − 1)N
[1](r, ν(f1,aj)).
For each permutation J = (j1, . . . , jq) of (1, . . . , q), we set
TJ = {r ∈ [1,+∞) : Nj1(r) ≥ · · · ≥ Njq(r)}.
It is clear that
⋃
J TJ = [1,+∞). Thefore, there exists a permutation, for instance it is
J0 = (1, · · · , q), such that
∫
TJ0
dr = +∞. Then we have
N1(r) ≥ · · · ≥ Nq(r),
for all r ∈ TJ0. By the assumption that f1∧· · ·∧fλ 6≡ 0, there exists ordered set of indices
I = {i1, · · · , iλ} with 1 = i1 < · · · < iλ ≤ n such that detBI 6≡ 0. We note that
N1(r) = Ni1(r) ≥ · · · ≥ Niλ(r) ≥ Nn+1(r),
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for each r ∈ TJ0.
We see that min1≤i≤λmi ≥
∑λ
i=1min{k,mi} − (λ− 1)k for every non-negative integers
m1, · · · , mλ. Then by Claim 4.3, we have
d
∑
i∈I
(
λ∑
v=1
min{ν(fv ,ai)(z), k} − ((λ− 1)k − 1)min{1, ν(f1,ai)}(z))
+
q∑
i=1
(λ− li + 1)min{1, ν(f1,ai)(z)} ≤ dνf˜1∧···∧f˜λ(z)
for all z ∈ Cm \ (S ∪
⋃λ
i=1 I(fi) ∪ (ai1 ∧ · · · ∧ ajλ))
−1(0) with ||z|| > r0. Integrating both
sides of the above inequality, for every r > r0 we have
∑
i∈I
d
( λ∑
v=1
N [k](r, ν(fv ,ai))− ((λ− 1)k + 1)N
[1](r, ν(f1,ai))
)
+
q∑
i=1
(λ− li + 1)N
[1](r, ν(f1,ai))
≤ dNf˜1∧···∧f˜λ(r) ≤ d
λ∑
v=1
Tfv(r) + o( max
1≤v≤λ
{Tfv(r)}).
We set T (r) =
∑λ
v=1 T (r, fv). Then, for all r ∈ J0, r > r0, we have∣∣∣∣
∣∣∣∣ dT (r) ≥ d
λ∑
j=1
Nij (r) +
q∑
i=1
(λ− li + 1)N
[1](r, ν(f1,ai)) + o(max
1≤i≤λ
{Tfi(r)})
≥
dλ
q
q∑
j=1
Nj(r) +
q∑
i=1
(λ− li + 1)N
[1](r, ν(f1,ai)) + o(max
1≤i≤λ
{Tfi(r)})
=
q∑
i=1
(
λ− li + 1−
dλ((λ− 1)k + 1)
q
)
N [1](r, ν(f1,ai)) +
dλ
q
q∑
j=1
λ∑
i=1
N [k](r, ν(fi,aj))
+ o(max
1≤i≤λ
{Tfi(r)})
≥
λ∑
j=1
q∑
i=1
(
dλ
q
+
λ− li + 1
λk
−
d((λ− 1)k + 1)
qk
)
N [k](r, ν(fj ,ai)) + o(max
1≤i≤λ
{Tfi(r)})
≥
λ∑
j=1
q∑
i=1
q(λ− li + 1) + dλ(k − 1)
qλk
N [k](r, ν(fj ,ai)) + o(max
1≤i≤λ
{Tfi(r)}).
Therefore, for each r ∈ TJ0, r > r0, we get
∣∣∣∣
∣∣∣∣ dqλkT (r) ≥
λ∑
j=1
q∑
i=1
(q(λ− li + 1) + dλ(k − 1))N
[k](r, ν(fj ,ai)) + o(max
1≤i≤λ
{Tfi(r)}).
(4.4)
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For each 1 ≤ j ≤ q, put λj = q(λ− lj + 1) + dλ(k − 1). We see that∑q
i=1 λi
λj
=
∑q
i=1 q(λ− li + 1) + dqλ(k − 1)
q(λ− lj + 1) + dλ(k − 1)
≥
q2 + dqλ(k − 1)
q(λ− 1) + dλ(k − 1)
≥ 2n− k + 2.
Hence, applying the Theorem 1.1, for a real number η ∈ [max1≤i≤q λi,
∑q
i=1 λi
2n−k+2
], which will
be chosen later, we have∣∣∣∣
∣∣∣∣
∑q
j=1 q(λ− lj + 1) + dqλ(k − 1)− (n− k)η
n+ 2
Tft(r)
≤
q∑
j=1
(q(λ− lj + 1) + dλ(k − 1))N
[k]
(ft,aj)
(r) + o(max
1≤i≤λ
Tfi(r)).
This inequality and (4.4) imply that∣∣∣∣
∣∣∣∣
λ∑
t=1
q2(λ+ 1) + dqλ(k − 1)− q
∑q
j=1 lj − (n− k)η
n+ 2
Tfi(r) ≤ dqλkT (r) + o(max
1≤i≤q
Tai(r)).
Letting r → +∞, r ∈ TJ0, we get
q2(λ+ 1) + dqλ(k − 1)− q
q∑
j=1
lj − (n− k)η ≤ (n+ 2)dqλk.
This implies that
q ≤
1
λ+ 1
(
(n + 2)dλk − dλ(k − 1) +
q∑
j=1
lj + (n− k)
η
q
)
(4.5)
Now we choose
η =
∑q
j=1 λj
2n− k + 2
=
q(q(λ+ 1) + dλ(k − 1)−
∑q
j=1 lj)
2n− k + 2
.
By simple computation, from (4.5) we easily get that
(n + 2)q
2n− k + 2
≤
1
λ+ 1
(
(n + 2)dλk −
n+ 2
2n− k + 2
(dλ(k − 1)−
q∑
j=1
lj)
)
,
i.e., q ≤
1
λ+ 1
(
dλk(2n− k + 2)− dλ(k − 1) +
q∑
j=1
lj
)
.
This is a contradiction.
Hence, the family {f1, ..., fλ} is algebraically dependent, i.e., f1 ∧ · · · ∧ fλ ≡ 0. 
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